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from the Editor

What kind of research does Investigations in Mathematics Education-

review? If one scans- the tables of contents of each issue, does this
list répresentkche "best' available research in mathematics education?
the worst? the most important?

Tgése'questions arise from time to time, and are occurring now
with enough frequency, that a general word of caution is in order.
We select for review only those research réborts that have been
published in prominent journals, or that have been announced and

abstract:d in Research in Bducation. In meeting this publication

criteria some of-the veports have passed stringent review cri;eria
from the journal’s refefees; bthers, however, may have met only token
editorial review before being published. fhe quality control varies
from report to report just as it varies Erom source to source.
Occasionally we re@give suggestions that we should review only

the "best" research Teports, or_chét we should not have included a
review of a certain-report_because of major weaknesses that it contained.
While we certainly have no intent to glorify "bad" researcﬁ, we 3re

) still optimistic enough to believe that peﬁple can benefic from a

. careful study of past mistakes. .Furthermoré, we believe that the
profpssion has some obligation to identify and comment on published

research which should be cautiously interpreted because of methological-

weaknesses. Investigations in Mathematics Educgtioﬁ is one means of
making this comment.

Jon L. Higgins
Editor
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TIME DEVOTED TO INSTRUCTION AND STUDENT ACHIEVEMENT.— Begle, E. G.,

Educational Studies in Mathematics, v4 n2, pp220-224, Dec 71.
Descriptors——#Elementary School Mathematics, #*Instruction, *Low
Ability Students, %*Research, *Time Factors (Learning), Grade 4,
Mathematics Education, Nymber Concepts

fExpanded Abstract and Analysis Prepared Especially for I.M.E. by
James K. Bidwell, Central Michigan University

l. Purpose

The study investigated the effects of ‘mathematical ability and
amount of instruction time on the amount of learning by elementary
school children.

2. Rationale

J. B. Carroll proposed (in 1963) that students can achieve to
any degree of proficiency provided sufficient quality instruction
and time are provided. Further, students vary as to th& amount of
time required. The SMSGC staff conducted a study in which below
average students were given two years to complete the same amount
of algebra that above average students covered in one year. The
below average students did as well as or better than the above
average (depending on grade level). If these studizs are valid,
then all students could have the mastery of mathematics by "adjust-
ing the . amount of instruction to the ability of the stydent and
expecting the less able student to take longer to achieve mastery.”

3. Research Design and Procedure

Fourth grade 'classes were taught the same content dealing with
base five numeration. The students had had no previous experience
with number bases other than ten. An original lesson plan was
taught to a pilot class.

Based on the pilot study three lesson plans were devised
covering the same content. The first covered one class period. the
second two class periods, and the third covered three periods. The
plans called for increasing amounts of teaching techniques, review
.of related material, and practice time. No new concepts were
employed in the longer plans. -



F

A 15-item scale, Necessary Arithmetic Operation, was used as
a pretest of reasoning ability. It was administered the day before

each ‘son plan began. The d¢y after the teaching, a 24-item
scale ;ttest, covering the bnse five numeration content, was
admini. . ered.

Three experienced teachers, not the regular teachers, taught
each of the lesson plans in four participating schools. The plans
were taught in the sequeance: two day, one day, three day. A total
of 225 students were used in the statistical analysis. -

The students were divided into three groups based on the pre-:
test score: low (L) - scores 9 or less, middle (M) - scores 10,
11, 12, and high (H) - scores 13, 14, 15. Table 1 shows pretest
results in the 3 x 3 cells of ability versus treatment.

TABLE 1 .

Reasoning test mean scores by ability
group and length of treatment

Lengfh of Treatment

Ability
group
1 day ’ 2 days _ 3 days
N = 34 - N = 31 N=19
L mean = 6.59 mean = 7.16 mean = §,58
a=1.71 g=1.53 - a=2.04
N = 24 TN = 24 N = 26
M mean = 10.87 . mean = 10.96 mean = 10.96
a=0.74 . a = 0.86 a=20.82
N =14 N = 28 N = 25
H mean = 14.36 _mean = 13.82 mean = 13,64
a=20.,8 . gm=

0.72 a=0.76




4, Findings

Table 2 shows the posttest results. The cell means on the
three diagonals running lower left.to upper right are approximately
equal. A two-talled t test showed that none of the differences on
the diagonals were significant at the '.05 level. Secondly, the
3 day-L mean 1is higher than the 1 day-M mean (but not signifi-
cantly) and the 3 day-M mean is higher than the 1 day-H mean (sig-
nificant at the .01 level),

TABLE 2

Base five mean scores by ability
group and length of treatment

Length of Treatment

Ability
group
1 day 2 days : 3 days
L mean = 4,97 mean = 5,74 mean = 6.21
a= 2,42 o =123 g = 3,39
mean <= 6.04 mean = 5.92 mean = 9,50
¥ o= 3.34 o = 2.02 o = 3.09
H mean = 6.36 mean = 8.61 mean = 11.08
g = 4,03 ¢ =3.70 o= 2.61

5. Interpret.tion

The resulis of the study are in accord with Carroll's Thesis.
"Less able students learn as much as more able students if they are
provided with enough extra instruction.'" The study is too small
and limited to be definitive. It does constitute a strong argument
for further studies along the same general lines.



Abstractor's Notes

No details of the actual content or instructional techniques
are offered in the brief report. Uowever, note that the mean score
for the 3 day-H group was only 11.08 of a possible score of- about
20 (a few transfer items were not included in the data). This
sugpests a high level of difficulty on the posttest. It is possi-
ble that the results would have been less significant if the test
were less powerful. )

There appears to be nothing dramatic in the study. The
results were predictable and would he the same in most similar
studies, It is usual to assume that additional time for practice
and alternative instructional technique imprové skill.,  Additional
related material should also improve understandfug. ‘'hese results
should show up strongly in any short term ‘Study. We need more
definitive studies of a long term study covering a year or two of
elementary curriculum.

" The current thrust at all levels towards individual progress
clearly accepts the thesis of this study as valid. Learning has
always been individual and we are currently accepting that thesis
as a basis for instruction.

James K. Bidwell
Central Michigan University

10



ED 062 194 SE 013 686
SPATYAL AND MODALITY EFFECTS IN SIMPLE MATHEMATICAL COMPUTATION.
Deichmann, John apd Beattie, Ian, Pub. Date April 1972, Note~-10p.;
Paper presented at the meeting of the American Educational Research
Agsociation, April 1972,

FDRS Price MF-$0.65 HC-$3.29 .
Descriptors~-Addition, *Algorithms, Arithmetic, Basic Skills,
*Elementary School Mathematics, Multiplication, *Oral Communi-
cation, *Research, Subtraction. *Visual Stimuli

Expanded Abstract Prepared Especially for I.M.E. by Max Jerman, The
Pennsylvania State University.

1. Purgg

The objective of the study was '"obtair data on the preceptual
processes.and habits which may enter into simple mathematical compu-
tations,” and the purpose was "to demonstrate possible performance
differences related to the method of presentation of simple mathe-
matical computations."

il

2. Rationale

It appears that researchers have largely ignored the effects of
problem format on the performance of simple computations in mathe~
matics. There appears to be no empirical basis for; (1) problem
format (vertical vs. horizontal); (2) the location of the operation
symbol within the problem statement; (3) the alternate placement of
numerals of one and two digits; and (4) mode of representation
effects (visuil vs. oral). It is not known whether any of the above
factors differentially effect initial learning, retention, or compu-
tational ease. Any possible interactions between age or grade-level
differences are unknown.

3. Research Design apd Procedure

A 3x3x3x2 factorial was used, (V, H, A) x (+, -, x) x (2 digit
first, 1 digit first). The scores for each cell was derived from
the number of correct responses for the 24 5s on each of the 10
problems for that cell.

Seventy-two undergraduate education majors were randomly as-
signed to one of 3 treatment groups.

; .
Group I: .  Problems presented in vertical format (V)
Group II; Problems presented in horizontal format (H)

Group III: Problems presented ip aurally (A)

11



All groups were given the same set of 180 problems, in a single
Tandomized order. 60 of the problems contained the operation sign
+, ~, or x which was given on the left for H, top for V, and first
for A, For 60 of the problems the symbol was given in the riddle
and for the remaining 60 problems the symbols were given on the
right for H, on the bottom for V, and last for A. Of each set of 60
Problems, 20 were addition, 20 were subtraction, and 20 were multi-
Plication. For each twenty, 10 problems presented a two-digit num-
eral] first followed by a one-digit numeral. The 10 remaining
Problems presented the one~digit numeral first. Each treatment
gI0up received the problem set in the same randomized order. The
Visual presentation, H and V, were made by a slide projector at a
3~second rate with l-second intervals and the aural presentation was
made wvia tape recorder. Students Tresponded on a numbered form
Supplied.

4. Findings

The authors reported that there were significant (p < .0l) re-
Sults for all four main effects and a significant mode x sign inter-
action (p < .01).

The t scores for the means indicated significant differences in
favor of A vs. V (p <.01); A vs. H (p <.001); and V vs. H (p <.001).
There were no significant differences in + vs. -, but there were for
+ vs. x (p <.001) and - vs. x (p <.001). The summary statistics are
Presented in Table 1.

Table 1

Summary Statistics

A Vv H L M R + - x
X 18.18 16.84 11.64 14.84 16.51 15.34 18.12 17.65 19.84
sh 02 4.64  6.09 6.01 5.44 6.34 4.40 4,62 5.84

An analysis of the errors students made was performed using
multiple t tests. It was found that horizontal multiplication was
most difficult as indicated by the number of omitted answers. Addi-
tion was also Jjudged most difficult when the sign did not occur in
the middle. "Little difference between presentation modes were
demonstrated for incorrect answers." It was concluded that opera-
tional errors, performing the wrong operation, have a greater pro-
bability of occurrence in the visual mode of presentation.

12



5. Inte;p;etations‘

Contrary to their predictions, the authors found the order of
difficulty to be A> V>H rather than H>V>A, The other predictions
were confirmed and correspond to the results shown in Table 1.
Group A could have had the advantage over the two visual presenta-
tion groups 1n that they could have been looking at their response
sheets during the presentation. Further, the members of the A group
were free to rearrange their input into a form suitable to them in-
dividually. :

Although dealing with college students rather than children,
significant differences were demonstrated for all manipulations of
format. The cawsal factors are unknown. If the aural ‘“minus" was
replaced with "subtract” differential results might be obtained.

Abstractor's Notes

1. One wonders what the effect of varying the amonnt of time
allowed for’ presentation would have had on the reported results.
Given enough time, there might have been n.s.d.

2. Did the use of multiple t tests infringe on indeﬁendénce of the
data?.

3. VWhy was a single random oxrder of exercises used for all groups?
all students? Perhaps there was some interaction between the
order of exercilses and error rate on the single set of exer-
cises.

4. What was the reliability of the test?

5. Was history a factor? This study seems to have taken only 12
minutes for students to complete (180 prob. x 4 séc. ea.).

. |
' Max Jerman : :
The Pennsylvania Staté University
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A STUDY OF THE EFFECT OF MATHEMATICS LABORATORIES ON THE MATHEMATI~
CAL ACHIEVEMENT AND ATTITUDE OF ELEMENTARY SCHOOL STUDENTS. FINAL
REPORT. Hollis, lLoye Y., National Center for Educational Research
and Development  (DHEW/OE,), Washington, D.C., Pub. Date, Jul
1972, Note--24p. , . -
EDRS Price MF~$0.65 HC-$3.29
Descriptors—%*Academic Achievement, *Activity Learning, *Atti-
tudes, *Elementary School Mathewmatics, High Achievers, Inter-
mediate Grades, Laboratories, Low Achievers, Manipulative
Materials, *Research

Expanded Abstract and Analysié Prepared Especially for I.M.E. by
Gerald R, Rising, State University of New York at Buffalo.

1. Purpuse

"This study investigated the effects .on student achievement of
the combined use of a nonsimulation game and student teams in
mathematics."

2, Rationale -
The authors cite minimal eﬁpirical support for (1) the use of

non-simulation games, and (2) competition amony student teams, de-
spite rather widespread advocacy and use of these techniques.

3. Research Design and Procedure

Ninety-six seventh-grade mathematics students in two "low math
ability" and two "average math ability" classes taught by the same
first year teacher comprised the sample for this nine week study.
One average gnd one low class were assigned to the games~teams (ex~-.
perimental) - treatment, the others to the traditional (control)
treatment. Pretest and post-test dependent variable measures were
administered by a research assistant.

The design was 2x2x2 repeated measures ANOVA with factors:
(a) Treatment, (b) Math Ability, and (c) Time. Campbell and
Stanley nonequivalent control group design was adopted: increments
between pre- and post-tests inferring differential treatment
effects. A complementary ANOVA technique suggested by Crombach and
Furby was used to give more information about individuals within
the classes.
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Dependent variables included: (1) Stanford Achievement Test in
Mathematics computations subtest, (2) 25 items from this test re-
lated to the toplcs taught during the study, and (3) a divergent
solution test designed by the experimenters (and closely related to
the game utilized in the experimental classes.)

The single game utilized throughout the study was Equations,
first developed by Lavman Allen.

4, Findings

" a., Experimental treatment positive increments were signif-
icantly greater on all three measures: (1) p<.04, (2) p<.03,
(3) p<.04. :

s

b. Differential learning occured for the two levels of abil-
ity. The low ability experimental c¢lass produced the lar-
gest gains of all four groups. A significant treatment-by-
ability-by-time interaction (p<.05) was noted for the di-
vergent golutions test.

¢. Regression 1lines were similar for experimental classes, but
contrastingly dissimilar for control classes.

*S5, Interpretations

a. "Our general conclusion is that combining the nonsimulation
 game Equations with team competition =significantly . in-
creased students' mathematics achievement over that of a
traditionally taught class. The effect was observed for
skills s8specific to the game a8 well as more general arith—
metic skills."

b. "The games tended to reduce the differential learning rates
evident In classes of different ability levels.”" See 4c.

c. The classroom teacher noted experimental class students
"turned on" and working and involved in the team compe-
tition. She found it easier to provide individual assis-
tance In the game setting.

15
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Abstractor's Notes

The study does achleve its purpose, the provision of empirical
data to Ssupport 2@ nonsimulation game played by student teams. The
authors provide evidence that they are aware of design problems;
wherever gossible they have responded to them. (I was sorry that
both E classes were morning, both C afternoon.)

The dlivergent solutions test, as was noted, was content-spe-
cific to the E classes. The positive € increment over time
suggests communication, hardly a startling fact. That this same
communication does not erode the other iIncrements - lends further
support to the 'pedagogical transfer' or "geteral motivational
effect” achieved here.

Gerald R, Rising .
State University of New York
Buffalo
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IMPROVING THE MATHEMATICS ATTITUDES OF PROSPECTIVE ELEMENTARY SCHOOL
TEACHERS. = Hunkler, Richard; Quast, W.G., School Science and Mathe-
matics, v.72 n8, pp. 709-714, Nov. 1972,
Descriptors--*Attitudes, “*Mathematics Education, *Preservice
Education, *Research, #*Teacher Attitudes, Elementary School

Mathematics, Methods Courses, Teacher Education, [Rgsearch Re-
ports, Shatkin-Dohner Mathematics Attitude Scale] :

Expanded Abstract and Analysis Prepared Especially for I.M.E. by
Loye ¥, Hollis, University of Houston.

1. Puyrpose

The purposes of this study were: S

(a) To determine if a content-method mathematics course de-—
signed for elementary education majors improves the mathe-
matics attitudes of prospective elementary school teachers.

(b) To determine if the mathematics attitudes of those pro~
spective elementary school teachers who- completed the
course were significantly different from those prospective
school teachers who had not completed the course.

2. Rationale

Other studies have found 4 significant positive change in stu-
dent attitude resulting from completing a course or courses in a
mathematics preparatory program for elementary school teachers.
However, these studies did not compare students who had completed
the course and those who had not completed it. This study makes
those comparisons. '

3. Research Design and Procedure

The course used in the study was a three semester hour method-
content mathematics course taught in the Elementary Education De-
partnent. The textbook used was.. Discovering Meaﬁiggs in Elementary
School Mathematics (Fifth BEdition) by F.E. Grossmickle, 1.J.
Brueckner, and J. Reckzeh. The instructors had a good knowledge of
mathematics and were asked to:

(a) display a strong interest in the subject
(b) dindicate a desire to have students understand the material
. (¢) display a good control of the clags without being overly
strict.

The Shatkin-Dohner Mathematics Attitude Scale was used in the
study. This scale consists of twenty-two statements, twelve favor-—
able and ten unfavorable, about mathematics. These statements wvere
scored so as to yield a higher score for the more positive attitude.
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There were three populations of sophomore and junior level ele-
mentary majors available for the study:

{a) students (approximately 50) who had completed no courses in
College mathematics.

(b) students (approximately 100) who had completed a content
course in College mathematics.

(¢) students (approximately 100) who had completed a content
course and Who were currently enrolled in the content-
methods course.- -

A random sample of 25 wag selected from population (a); 50 from (b);
and 50 from (c). No students in either (a) or (b) were enrolled in
a mathematics course.

During the first week of the semester the selected students were
given the Shatkin-Dohner Mathematics Attitude Scale. Then, during
the last week of the semester the Shatkin-Dohner Scale was adminis-
tered to the same population again. :

For all three groups the t~test for correlated samples was used
to determine 1if there was any significant difference between the
initial and final mean scores on the Shatkin~Dohner Mathematics
Attitude Scale. The analysis of variance was used to determine if
there were any significant differences among the final mean attitu-
dinal scores of the three groups when they were adjusted for mean
differences in the initial attitudinal scores. All tests for signi-
ficant differences were made at the .05 level of confidence.

4. Findings

Table I shows the means and standard deviations for the initial
and final attitudinal scores of the three groups tested.

Table 1. Means and Standard Deviations of Attitudinal Scores.

Initial Test Final Test
Groups
N M s.D. M s.D. t
Group 1 25 5%.56 16.10 24.12 18.46 ~-.338
Group 2 50 62.76 22.93 63.70 22.89 . 773
Group 3 50 61.32 22.19 66.22 21.02 3.278

Table II shows the comparison between the mean adjusted scores
of the groups.
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Table II. Individual Comparisons for adjusted Mean Scores.

Comparisons ’ d.f. F

Group 3 vs. Group 1 1 and 121 6.78
Group 3 vs. Group 2 1 and 121 3.89%
Group 2 vs. Group 1 1 and 121 1.00

(The numbering of these tables does not correspond to the numbering
in the original article.)

3. Interpretations

It was concluded that:

(a) The method-content mathematics course designed for elemen-
tary school teachers did improve the mathematics attitudes
of the prospective teachers completing the course.

(b} The method-content courses in combination with the content

course can probably be used to improve the attitude of
teachers who have had no college mathematics preparation.

Abstractor's Notes

The study presents a strong case for a mathematics course and a
method-content mathematirs course being able to change attitudes to-
ward mathematics. Table I raises some interesting questions in that
respect,

1. Do the scores made on the initial test not show a strong
positive influence being produced by the mathematics
course?

2. Since there is a difference in M of 6.76 between Group 1
and Group 3 on the initial test and a 4.9 difference in M
between Group 3's initial test score and final score, 1is
there an indication that the mathematics course influences
attitudes more than the method-content mathematics course?

It would have been helpful it the researchers had more completely
explored these areas. Although the author's Table 2 was presented
to present data showing there were no significant differences in the
initial attitudinal scores, for me, it falls short and does not re-
solve the questions.

Loye Y. Hollis
University of Houston
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INSTRUCTION IN PROBLEM SOLVING AND AN ANALYSIS OF STRUCTURAL VARIA-
BLES THAT CONTRIBUTE TO PROBLEM-SOLVING DIFFICULTY. Jerman, Max,
Stanford University, California Institute for Mathematical Stuailes
in Social Science, Pub. Date, Nov 12, 1971, Note-~129p.
EDRS Price MF-$0.65 HC-$3.29
Descriptors~—*Arithmetic, Computer Assisted Instruction, *Edu-
cational Research, *Elementary School Mathematics, Grade 5,
*Mathematics Education, #Problem Solving, Programmed Instruc~
tion.

Note: The first Part of this report contains the major sections of
the author's doctoral dissertation, '"Problem Solving in Arithmetic
as Transfer from a Productive Thinking Program” (Stanford Univer-
sity, 1971), which is also reported in '"'Individualized Instruction
in Problem Solving in Elementary School Mathematics," Journal for
Research in Mathematics Education, v4 nl, pp6-19, Jan., 1973,

Expanded Abstract and Analysis Prepared Especially for I.M.E. by
Jeremy Kilpatrick, Teachers College, Columbia University

1. Pﬁ ose

The purpose of the dissertation study was to investigate the
relative effects of two self-instructional programs-—-one teaching
general heuristic strategies, the other teaching specific - tech-
niques——on fifth graders' ability to solve word problems in arith-
metic. The purpose of rhe additional analysis, discussed 1In the
second part of the reprrt, wag to investigate how well certain
variables associlated with problem structure would predict the
difficulty of the word problems.

2, Rationale

Two approaches to teaching problem solving have been advanced
recently and have been shown to be successful on their own terms:
one emphasizes instruction in general problem-solving skills not
oriented to any particular academic discipline; the other is a
modification of the traditional 'wanted-given" approach for teach~
ing children to solve one~step word problems in arithmetic., The
relative effectiveness of programs embodying the approaches, as
measured by tests of mathematical problem-solving skills, had not
been investipated.

In previous studies, linear re8ression models were used with
some success to predict the difficulty of word problems in terms
of variations in the structure of the problems (length in words,
number of steps needed for solution; etc.). The earlier data had
been gathered during computer-assisted instruction, and the dques-
tion arose as to how well the same structural variables would Pre-
diect the difficulty of problems presented in the paper-and-pencil
setting of the dissertation study.
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3. Research Design and Procedure

One program was The Productive Thinking Program, a commer-
cially-published set of programmed ' booklets that present, in a
comic book format, the continuing story of a brother and sister
team who, with the aid of their uncle, fry to solve a series of
{(non-mathematical) puzzles and mysteries. The pupil is supposed to
identify with the children as they gradually become more proficient
in problem solving. The program 1is intended to increase existing
skills rather than creating new ones. The pupil is given practice
and encouragement in guych strategies as planning one's attack,
searching for uncommon ideas, and transforming the problem.

The other program was Jerman's Modified Wanted-Given Program,
which presents, also in a programmed, comic book form, the story of
a man and boy as they ercounter and solve a series of arithmetic
problems. The pupil is taught to classify word problems as either
_ sum problems or product problems. Then he is taught to perform the
appropriate operation depending on what is wanted and what is giv-
en. Multiple-step problens are golved by an iteration of the basic
approach.

The two programs wWere assigned at random to students in each of
six classes; two other classes, which recelved no instruction in
problem solving, served as controls. The 261 subjects were fifth
graders in four public schools. Each program consisted of 16 book-
lets; one booklet was studied each day for 16 consecutive school
days.

The pretest contained four scales: a test of inductive reason-
ing using geometric figures, a test of the ability to perform cper—
ations according to written directions, a test of reasoning ability
in which the subject must choose which arithmetic operation 1is
needed to solve a word problem, and a test of flexibility of
closure in which the subject must find a figure hidden in a complex
pattern. The posttest contained three scales: a repetition of the
test of the ability to perform operations on whole numbers accord-
ing to written directions, a test of the ability to read a passage
about an unfamiliar mathematical idea and answer questions about
it, and a set of five arithmetic word problems. The follow-up
test, given seven weeks after the posttest, contained three scales:
a test of the ability to determine the missing digits in a compu-
tation in which letters replace some of the digits, a second test
of the ability to read a passage abour an unfamiliar mathematical
idea and answer questions about it, and a second set of five
arithmetic word problems.

The two programs and the control treatment were taken as treat-

ments in a 3x2 factorial design (with sex as the second factor).
The four pretest scales were used as covariates in several analyses

2



l

of covariance of the scores on the posttest and follow-up test
scales. (In an attempt to explore the lack of treatment differ-
ences, subsequent analyses of covariance were run with the posttest
and follow-ul word problem scales rescored according to whether the
correct procedure was used, regardless of the solution.)

For analyses presented in the second part of the report, data
were obtained on the difficulty of 29 problems solved as part of
the dissertation study. Nineteen had been solved by pupils
(n = 20) as part of the Modified Wanted-Given Program; ten came
from the two sets of arithemtic word problems taken by the ‘pupils
(N = 161) as part of the posttest and follow-up test. Thirteen
variables that in earlier CAI studies had accounted for variance in
problem difficulty and six newly-defined variables were used in
several stepwise regression analyses of data from both CAI and
paper-and-pencil sources.

4. Findings

There were 110 significant differences in criterion test perfor-
mance Or in mean jains on two tests: the test of ability to per-
form operations on whole numbers according ¢o written directions
(posttest ~ pretest) and the test of arithmetic word problems
(follow-up test - posttest), There was only one significant sex
difference (p < .05, favoring boys on the posttest scale dealing
with an unfamiliar mathematical idea) and no significant treatment-
by-sex interaction on the criterion tests.

There were significant differences (p < .001) among the treat-
ment groups in their use of the correct procedure . in sclving the
word problexsz on the posttest and the follow-up test. Analyses of
covariance with the control group omitte. indicated that the
Modified Wanted-Given treatment was superior to The Productive
Thinking Program in eliciting correct procedures on the posttest

(p < .005) but not on the follow-up test. A significant treatment—
by-sex interaction for use of the correct procedure on the posttest
(p < .05 for all three groups, p < .025 for the two experimental
groups; boys superior on the Modified Wanted-Given Program, in-
ferfor on the other two) disappeared on the follow-up test.

Data obtained from a previous CAI study were used to suggest
and test additional structural variables that might predict problem
difficulty. The multiple R for the CAI data rose from .67 to .82,
.84, and .85, respectively, ae the pumber of variables was in-
creased from 6 to 16, 19, and 22 (with some redefinition of varia-
bles and 2 drop in the number of problems from 68 to 63).

Eleven of these variables were used to predict the difficulty

~of the 29 dissertation problems with a multiple R of ,77. Two new

variables increased R to .803 two additional variables used pre~
viously increased it to .83: and four more new variables (and one
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additional problem) increased it to .95. These final four variables
made a substantial difference in the prediction equation: three of
them were among the first five (for which R = .93) in the analysis
- using all 19 variables. :

When the 19 wvariables were used with the¢ data from the CAIR
gtudy, the fit was not as good (R = .75 for the first five varia-
bles) and the order of entry was quite different from that for the
paper-and-pencil data. Length of the problem in words was the only
variable among the first five in both analyses.

5. Implications

The results seem to indicate some degree of independence between
fifth graders’ computational skill and their ability to adopt an
appropriate solution strategy. "It would appear that teaching
problem solving in mathematics to fifth graders can best be done in
a mathematical context using a wanted-given approach. One should
not necessarily expect gains in the number of problems correctly
solved, unless the teaching of problem-solving strategies is accom—-
panied by instruction in the appropriate computational skills
(pp. 83, 841."

Systematic instruction appears to be more effective than no sys-
tematic instruction in helping students use appropriate problem-
solving strategies.

Preliminary evidence on the structural variables contributing to
word problem difficulty suggests that the tools at the students'
disposal may have an important effect. The student using a CAIL sys=-
tem does not need the computational facility that the student using
pencil and paper must have, and consequently the variables influenc-
ing problem difficulty are different in each case. Nonetheless,
relatively good prediction of difficulty can be achieved.

Abstractor's Notes

The two parts of the report deal with somewhat disparate issues
and ought to have been published separately. The dissertation study
is an important addition to the literature on instruction in problem
solving, but flaws such as the possible inappropriateness of cne of
the treatments (the subjects had much more difficuity with the
arithmetic computations in the Modified Wanted-Given Program than
the author anticipated on the basis of pilot study data) iimit the
generalizability of the findings. A further limitation is that the
significant differences between groups emerged in an a posteviori
analysis, after tests of the main hypotheszs revealed no significant
differences in performance on the various criterion tests. The
author gives insufficient attention to this limitation, in my view.
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An analysis of covariance of the number of correct procedures
used by the subjects ylelded a significant difference "in favor of
treatment groups 1 and 2." How did the author declde that this was,
in fact, the source and nature of the difference? What 1s meant by
a significant treatment-by-sex interaction "in favor of boys "?
These questions are especlally disturbing in view of the au;hor's
otherwise careful approach to instrumentation, design, and analysis.

The prediction-of-problem-difficulty study is much the weaker of
the two. It has an ad hoc character ill-suited to a study purporting
to vallidate earlier work. The sequence of regression analyses 1s
‘difficult to follow, with variables renumbered confusingly several
times, new varlables created apparently to suit the particular set
of problems used, and arbiltrary changes In both the sst of variables
and the set of problems. The approach is entirely atheoretical, and
no provision 1s made for cross-validation of results. This work is
important only as it leads to more carefully designed studies, and
it deserves publication about as much as an artist's preliminary
sketches or a writer's first draft.

Jeremy Kilpatrick

Teachers College
Columbia University
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PREDICTING THE RELATIVE DIFFICULTY OF VERBAL ARITHMETIC PROBLEMS.
Jerman, Max; Rees, Raymond, Educational Studies in Mathematics, v4

nd, pp306-323, April 1972,
Descriptors~-*Arithmetic, #*Mathematics Education, *Problem Sol~
ving, *Research, Elementary School Mathematics, Matbematics.

Expanded Abstract and Analysis Prepared Especially for I.M.E. by
Marilyn N. Suydam, The Ohio State University. :

1. Purpose N

To attempt to identify and define a meaningful-set of variables
that can account for a significant amount of the variance in the
difficulty level of problems solved correctly.

2. Rationale

A basic assumption 1is that the structure of the arithmetic word
problem to a large measure determines its difficulty. Research on
variables considered by Suppes and others in a CAI context were dis-
cussed. The variables which appeared most robust were: Operations;
Length; Division; So, the internal sequence variable; and Conver-
sions., Memory and Distractor Cues may or may not play important
roles in subsequent analyses, These analyses were performed using
a regression model on CAI curriculum where students indicated the
operations to be performed, but not actually performing the compu-
tations. The present research is to determine if these same varia-
bles were applicable to problems solved with pencil and paper.

-

3, Procedure

Eleven of the 22 variables identified from the previous CAI
research were tested on word problems solved off-line to see if
their order of entry in the stepwise regression was at all similar
to that found in on-line CAI context. These varilables were first
tested on 29 problems selected from three sets solved correctly
using paper and pencil by average fifth-grade students. (Nineteen
problems were from one study, n = 20; two sets of five problems had
been used as posttest and retention test in another study, n = 116.)
Stepwise regression indicated that Length (the number of words in
the statement of the problem) entered first, followed by Memory,
S2, 51, and Verbal Cue. The variance accounted for by nine varia-
bles was ,595, The wvariables that accounted for most of the var-
iance using CAI were also effective, though at a lower level in
paper and pencil solving. : !

In an attempt to account for more of the variance, eight new
variables were defined. The 29 problems were again subjected to
regression analysis, using all 19 variables. '
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4. Findings

A linear regression model was stated which ‘''gave a surprisingly
good account of the difficulty level of a somewhat artificially
arranged set of verbal problems for fifth grade students." Five
variables (of 19) were found to account for almost 87 percent of the
variance in the observed probability correct: the multiplication
varizble, the division variable, the number of words in the problem
statement, the verbal' distractor variable, and the addition-sub-
traction variable. '

5. Interpretation

That only five variables accounting for 87 per cent of the
variance were identified was considered good, because it 1is not
practical to take into account more than four or five variables when
writing word problems. An equation has been derived for predicting
the relative difficulty of verbal problems for fifth graders, al-
though it is not simple to implement. A good deal of replication 1s
needed to comfirm or deny these findings, ’

Abstractor 's Notes

In essence, this 1s a progress report. The research reported is
one of a series of studies completed, underway, or planned. The
results of this study may be useful to other researchers; they are
certainly not of the type that can be implemented or used by curri-
culum developers ——- as 1is pointed out in the study.

At the time I first read this study, I noted: "The variables
need to be tested with students who actually solve an entire set of
problems from which the variables and thus the equation were de-
rived. Until the set of variables 1s definitive, and they can be
applied with accuracy in the construction of verbal problems, it 1is
difficult to ascertain the contribution made by these studies on the
difficulty level of problems." :

Since then there have been several further studies; one of these
is presented as an example of ''‘correcting" an observed weakness in
previous studies:

Jerman and Mirman (1972) prepared eight sets of 20 word problems
(included in an appendix) of a predicted level of difficulty
based on six variables (multiplication, division, recall, con-
versions, operations, and number of words in the problem state-
ment) identified in the Jerman and Rees study and two follow-up
studies. Four problem sets were administered to students in
grades 4~6 (n = 161) and four different sets were administered
to students in grades 7~9 (n = 179). The regression equation-
cited by Jerman and Rees did not vyield accurate predictions for
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. these groups, based on a chi-square test.- New equations were
computed for each grade level, and the problems were recorded in
terms of the six variables which gave the best account of the
observed varience in probability correct at each grade level.
The new equations gave more accurate though not yet "satisfac-
tory" predictions. However, relative difficulty remained con-
stant at different grade levels. 1t wWas concluded that the set
of wvariables needs to be further improved so the predictive
power of the regression equation is improved.

To repeat: until the set of variables is definitive and the effi-
ciency of their use is determined, it is difficult to determine the
contribution of these studies.

The need for a consistent attack on curriculum problems has been
stated often. It is gratifying to observe such an attack, to trace
the use of previous results, the refinement of techniques, the
"correcting" of weaknesses in previous studies. One wishes that the-
focus of the research involving so much effort were of more signifi-
cance . .« «

Some further thoughts:

{1) Verbal problems are included in the curriculum largely be-
cause they provide a logical (if admittedly artificial) way of help-
ing students learn to cope with real problems met outside the class-
room. Are problems in real 1life to be ordered by difficulty?
Should the emphasis be on difficulty level ~- or on meaningful con-
tent?

(2) At a time when we speak of relevance and begin to define
problem solving in a broader sense, 1t is interesting to see dollars
being devoted to the restricted type of problem {(on which more re-
search, with undefinitive results, has been done than .on any other
topic).

(3) It 1is interesting to conjecture that classroom teachers
(who did not know the research results) might very well indicate
that problems involving division, regrouping in multiplication, two
operations, distractors, and/or "more" words are more difficult for
children to solve correctly . ., . .

(4) Manipulations of data . . . a set of problems is developed
according to specifications involving certain variables. Data in-
dicates that the variables are unsatisfactory, so the problems are
recoded. How specific are the specifications?

Marilyn N. Suydam
The Ohioc State University
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AN INVESTIGATION IN THE LEARNING OF SELECTED PARTS OF A BOOLEAN
ALGEBRA BY YOUNG CHILDREN. Johnson, David C., Pub Date Apr 72,
Note--48p, Paper presented at the Annual Meeting of the American
Educational Research Association, Chicago, Illinois, April 4, 1972,
EDRS Price MF-30.65 HC-$3.29

Descriptors-~Concept Formation, *Elementary School Mathematics,

Grade 1, *Instruction, Kindergarten Children, Learning, Logic,

Relationship, *Research, *Set Theory

Expanded ~ Abstract and Analysis Prepared Especially for 1.M.E. by
Mary Ann Byrne, University of Georgia

1. Purpose

To determine if specific instructional conditious improve the
ability of young children (grades K-1) to:

a) form classes based on the intersection, union, and negation of
attributes of objects. : : :

b) recognize selected equivalence and order relations that exist
within and among sets of objects.

To investigate wyhether transfer from the above learning will
occur in:

a) multiplicative classification activities

b) class inclusion activities

¢) the use of the transitive property of the selected equivalence
and order relations.

To 1investigate the effects of age and 1intelligence on the
above learning, . -

2. Rationale

Classification and seriation ,are at the heart of the theory
of Piaget, When asked to classify, children under five simply form
figural collections. By age seven, children can sort objects, add
classes, and cross-classify classes. However, a genuine operatory
classification does not exist ‘until about age 8. An implication
of the theory of the Geneva School 1s that school 1instruction can
not be assimildted adequately without requisite cognitive struc-

ture. '
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The present study represents the employment of this theory in
an applied research problem.

3. Research Deslgn and Procedure

A Posttest-Only Control Group Deslgn was used to test 12 major
hypotheses. Factors consldered were:

a) chronological age (A) with two levels (64-76 months and.?77-89
months),

b) 1Q as measured by the Otls-Lennon Mental Abllity Test with two
'levels (80-100 and 105-125).

c) treatment (T) with two groups (An experimental group recelved
an Instructlonal unlt of 17 1lessons and a control group
recelved no Instructions.).

The hypotheses were repressed and the statlstical analyses
done In terms of three 2x2 factorlal designs (IQ vs T, IQ vs A, T
vs A). Hypotheses concerned¢ the maln effects and Interaction of
the three Independent factors on two classes of dependent wvarla-
bles: achlevement and transfer. ‘

The 196 children from four kindergarten and four first grade
classes wilthin geographlc proximity were assigned to the appro-
priate category determined by their IQ and age. An "ordered random
sample™ of BQ subjects was then selected; 20 in each of the four
categories. Children within the categorles were randomly assigned
%0 a treatment group. Another 35 subjects were chosen as alter-
nates.

The 17 instructional lessons were constructed to help children
learn to form classes, the Intersection, unler, and complements of
classes, and relations (more than, fewer than, just as many as)
between classes and class elements.

Five basic posttests were constructed to measure the two
achlevement outcomes and the three transfer outcomes described in
the "Purpose" section. However, scoring and statlstical analyses
were completed using 9 subjects.

Item analyses were made on 99 items using the responses of
115 children (included alternates). Certaln items were deleted
from further analyses. The 12 hypotheses were tested using uni-
variate and multlvarlate analyses of varlance procedures. The
scores of 80 subjects on 72 ltems were used in these analyses.
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4, Findings

Twenty-seven 1tems were excluded after the item analyses
because of "undesirable item characteristics." Twenty-six of these
excluded items were non-discriminators between experimental and
control groups.

The internal consistency reliabilities for the subtests ranged
from 0.58 - 0.82, Six of the nine subjects had KR-20 reliability
coefficients > 0.70.

MANOVA's using the five achlevement tests as response varia-—
“bles and a palr of independent variables showed a significant (p <
.01) difference in mean vectors for each pair. The experimental
treatment group and the high IQ group performed significantly (p <
.0l) better than the control and the low IQ group, respectively, in
each analysis. The interaction of T and I was significant at the
0.05 level.

To further interpret the effects of T, I, and TxI, univariate
analyses were performed using single subtest scores. The main
effects of T and I were significant (p < .01) for all subtests in
the direction described above., A significant interaction (p < ,05)
occurred on only two of the subtests. On both of these subtests
the treatment 1ncreased the performance of the high IQ group more
than that of the low IQ group.

MANCVA's using the 4 transfer tests showed a significant
difference in mean vectors for each palr of independent wvariables,
and a significant main effect for T and I in the directions given
above, Unlvariate analyses showed that main effects were not con-
sistent across subtests.

5. Interpretations

This study presents evidence that kindergarten and first grade
children can be taught selected classification and comparing abili-
ties and the increase in achlevement 1s accompanied by some trans-
fer to related activities.

The main effects of treatment and IQ level were very signifi-
cant on both achlevement and transfer measures but the main effect
of age was not significant on any measure.

The powerful effect of IQ suggests further study of the rela-

tion between Plaget's classification of mental operations and the
degree to which these operations are measured on various IQ tests.
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Piaget distinguished betuween physical experience and logical-
mathematical experiences, An examination of the subtests and
results indicate that the experimental wunit produced substantial
improvement in physical knowledge but very 1little improvement in
operatory classification,

Abstractor's Notes

It 1is important to the development of theory that it is
employed in empirical studies, It is nice when a theory can aid in
providing answers to applied problems in education. The present
study sought to employ the the&ry of the Geneva School in the area
of mathematics education.

Here are several reactions and questions regarding the inves-
tigation as reported.

1) Most of the pages of ths report providing rationale con-
sisted of a review of the eight groupings postulated by Piaget
rather than more clarification of how the study was embedded in
mathematical theory and directed to a particular mathematics educa-
tion research problem. The dissertation on which this report is
‘based included such a clarification.

2) Reasons for several procedures were missing. Why were
subtests used in the analysis instead of the five posttests as
such? Why were three 2x2 analyses used instead of a 2x2x2 .analy-
sis? Why were alternates chosen? Why wasn't the Null Hypothesis
7 on interaction of T and I not rejected?

3) There were a few misprints. In Table 2, for subtest CAj
were 2 nondiscriminators. On page 24, the interaction of T with I
was not- significant.

4) In general, the methods of scoring were well-explained.
However, the explanation of scoring subtest CA; could not have been
followed given the scores obtained. '

" 5) There was a discrepaj;y ‘between the discussion of statis-
ties to be used and the results described. The report indicated
there would be three MANOVA's with nine response variables. Instead
there were six MANOVA's; threde with five response variables and
three with four response variables. : ) :

6) During the study itself 27 irems were deleted after the
Item Analysis and before the |other analyses. It is unfortunate
that items were not tested in L pilot situation, rather than being
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deleted in the study itself. Twenty-six of the 27 items deleted
were non-discriminatcrs. There was no discussion of whether this
was taken 1into account when calculating the test statistic for
treatment groups and when comparing this statistic with a table,
This question is vital to the validity of the study. )

Mary Ann Byrne
University of Georgia
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A STUDY OF ACHIEVEMENT AND ATTITUDE OF SECOND GRADE STUDENTS USING
TWO MODES OF INSTRUCTION AND TWO MANIPULATIVE MODELS FOR THE NUMER=-
ATION SYSTEM. Knaupp, Jonathan, Illinois School Research, v8 n2
PP27-33, W 72,
Deszriptors~=-*Grade 2, %*Academic Achievement, *Manipulative
Materials, #*Student Attitudes, #*Arithmetic, Methods Research

Expanded Abstract and Analysis Prepared Especially for I.M.E. by
Larry P. Leutzinger and Marilyn J. Zweng, The University of Iowa

1. Puggose

The stated purpose was ''to study the effects of two modes of
instruction using two manipulative models for the numeration system
on the achievement and attitudes of second grade students.” The
study later concerned itself "with measuring attitudes of the
classes toward learning activities after it was established that
achievement gains were made by all four classes.”

2. Rationale

Studies dealing with methods and materiazls used in teaching
elementary school arithmetic have, for the most part, focused on
achievement gains as the criterion for determining the superiority
of one technique or get of materials over another. Yet, it is yell
documented that the attitudes children possess toward arithmetic
influences, {0 some extent, the learning that takes place., This
study attempts to investigate whether or not students develop
favorable attitudes toward arithmetic when wusing manipulative
materials or when their teacher uses the materials for demon-
stration purposes.

3. Research Design and Procedure

Four classes of second grade students from Champaign, Illinois
public schools participated 1ifi the study for four weeks in April
and May of 1970. The class sizes were 15, 17, 25, and 28 and the
means of the I.Q.'s of the classes were 104, 110, 116, and 117,
respectively. '

- Classes 1 and 2 were similar in characteristics (size, I.Q.,
background, etc.) as were classes 3 and 4. Class 1 used a manipul-
ative model made of blocks of wood similar to one recommended by
Dienes 1in an activity-oriented setting Class 2 used the same
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model, but the teacher manipulated the materials. Class 3 used ice
cream sticks in an activity-oriented setting, and in class 4 only
the teacher -manipulated the ice cream sticks.

Three exams constructed by the expfrimeter, together with 19
items from an exam by Ashlock and Welch,” were used to test student
achievement. Two of the experimeter’s tests were used to determine
competency in wusing the algorithms investigated :n the classes.
The third test of the experimeter involved word problems. The
items taken from the Ashlock-Welch exam were used as a measure of .
the understanding of the numeration system.

The experimeter developed four tests dealing with aspects of
student attitudes toward learning arithmetic. Two of these tests
were general in nature, and the other two tests were specifically
intended for wuse with the materials and procedures under study.
The general tests were used as$ pretests and posttests while the
more specific tests were used only as posttests. Using these
tests, the experimeter investigated two attitude variabies. The
_first of the variablzs was the student' preference for working
with manipulative materials of the study. The second variable in-
volved the student's preference for working independently. Com=—
parison between pretest and posttest scores were made for attitude
and independence. Class 1 was compared with class 2 and class 3
was compared with class 4 using t-tests to determine if there was
any change in attitudes or independence involving the specific
activities and procedures of the study.

4, Findings

a. On the achievement protion of the study, there were sig-
tificant gains by all four classes.

b. Changes in class attitude toward arithmetsc as evidenced by
the scores on the two general attitude tests were nonsig-
nificant for all four classes and for the entire group.

<. Only one of the classes (#1) tended to become more indep-
endent (.20 level of significance) in doing arithmetic.

d. There were no significant differences between the classes
on the measures of attitude toward specific activities and
procedures used in the study.

e. There is a significant difference (.05 level of signifi-

cance) between class 1 and class 2 with reference to work-
ing independently within the framework of the study.
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5. 1nterpretations

Heither student attitudes toward learning arithmetic nor stu-
dent independence was changed by using lessons based on manipu-
lation of phiysical wmodels. The experimeter concluded that age,
sex, or intelligence (I.Q.) had no significant bearing on student
preferences for different activities.

Abstractor’'s Notes

The experimeter has gome to great lengths in preparing this
study. He has found it necessary to prepare his own tests for both
achievement and for attitude. One design for testing attitudes
decerves couslderation since it appears .to be easy to administer,
understandable, and relizble. The test yses 5" x 5" sketches of
classroom sSituations involving mathematics. The respondents are
asked to describe how they would feel 1f they were in the sketch by
marking one of fjive faces that show degrees of sadness and happi-
ness,

Although this study contains valuable material for use 1in
future studies, several dquestions need to be raised. In the first
place, although the study deals with achievement, no data are pre-
sent to Support the conclusions made by the experimeter. Is this
lack of data significant? Also, the Ashlock~Welch test, which was
used as a source for questions to measure understand;ng, contains
items of the following type:

1) Choose the numeral which shows the number nearest to 44
when you count by ones, 39 50 41 49

2) In the row of numerals after the "A" put an "X" on the
numeral in which the "4'" means 4 hundreds.
A 402 43 4803 48

These questions, wyhile they do test understanding to a certain
extent, do not require experience in the manipulation of materials
in order to correctly answer them. There are no questions on the
Ashlock-Welch test yhich ask the student to express the number for
groups of tens and ones in numeral form or which require concepts
of regrouping to answer. Questions of this type would be more
likely to discriminagte between the methods of instruction used in
the study than the questions which were used.

Another question ;rises concerning the scores reported on the
attitude tests. Are these scores high or low, or ;sre they average?
If the scores are high on the pretests, little gain could be ex-
pected on the posttests. A group of able second-graders might be
at a stage where it is easy for them to abstract and, hence, do
well on achlevement tests of the Ashlock-Welch type, but they might
become impatient when they are asked to manipulate materials for a
longer time than they feel is necessary. This resulting impatience
might have a negative effect on the attitude of the students.
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One remark made by the experimeter is of special interest to
the abstractor. It states, "a certain amount of self-reliance is
developed by the slower students since they can solve difficult
addition and subtraction with no assistance.” This seems an im-
portant result which should be investigated further.

Larry P. Leutzinger
Marilyn J. Zweng
The University of Iowa

Reference

Ashlock, Robert B. and Welch, Ronald C. A Test of Understanding of
Selected Properties of a Number System: Primary Form (Bulletin of
the School of Education, Indiana University, Volume 42, Number 2,
March 1966),
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THE LEARNING OF THE VECTOR SPACE STRUCTURE BY SIXTH GRADE STUDENTS.
Lamon, William E.; Huber, {Leslie E., Educational Studies in Mathe-
matics, v4 n2, ppl66-181, Pec 71
Descriptors~-%Elementa School Mathematics, *Instruction,
*Learning, *Research, Algebra, Grade 7, Manipulative Materials,
Mathematics Education, {#*Vector Spaces, Structure (Mathematics)]

Expanded Abstract'and Analysis Prepared Especially for I.M.E. by
Thomas J. Cooney, The University of Georgia

1. Purpose

The authors' main interests were centered in two hypotheses:

"(1) If the rules which define the structure of a game gener-
ated by concrete materials, are those which .are the axioms of a
finite vector space, then sixth grade students can behavioristi-
cally demonstrate successful learning when required to identify
whether or not a structure 18 that of a finite vector space.

"(2) Operational achievement will correlate positively with:
(a) measures of verbal and/or nonverbal intelligence; (b) scores
on each of the Comprehensive Tests of Basic Skillsj and (c) chrono-
logical age."

2. Rationale

This study is an extension of previous studies by Dienes and
Jeeves and Lamon 1n their investigations of children’s ability to
learn mathematical structures. Studies by these 1nvestigators
indicated that children can learn the underlying structures of
mathematical groups when Fxposed to concrete mathematical experi-
" ences., Furthermore, the investigations provided evidence that
learning was on a structural basis rather than on a stimulus-
response basis. Because of these findings and the applicability of
Piaget's theory of Cognitive Development, the present authors
investigated the learning of a vector space structure taught
through the use of games 1involving manipulation of concrete
objects. .

3. Research Design and Procedure

© The subjects consisted of 32 sixth grade students. To help
ensure subjects would have a wide range of ability, selection was
based on performance on the Lorge-Thorndike Intelligence Tests..
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The 1instructional program consisted of students working at
thelr own pace wusing task cards. The cards systematically pre-
sented in a game format the four aspects of a vector space, viz.,
"addition" of vectors to vectors, "addition" of scalars to scalars,
"multiplication” of vectors by scalars and "multiplication” of
scalars by scalars. These four aspects were referred to as ''four
levels of mathematical thought.” The students worked with the
cards for 45 minute dally periods cver a time span of six weeks.

To assess performance, both an abstraction test and a transfer
test were administered to students completing the four aspects of a
vector space, The transfer test involved the presentation of a
second finite vector space to students and asked them to complete
tables for the four binary operations and compare and contrast the
second space with the acquired one, The abstraction test required
recognition of a vector space among a series of relevant and 1r-
relevant concrete representations.

Product - moment correlations were calculated to assess the
relationship between performance and measures of intelligence.
Analysis of varlance for the regression of verbal I.Q. (and non-
verbal I.Q.) on performance level was applied to test the linearity
of the relationship between performance and verbal 1ntelligence
(and nonverbal intelligence). “Nonparametric rank correlation
coefficlents were calculated to assess the relationship between
levels and the raw scores on each of the Comprehensive Tests of
Basic 8kills and between levels of performance and chronological
age. .

4, Findings

l. Thirteen of the 32 students completed successfully the
four levels of mathematical operational thought and met
criterion on the transfer task. Two of the thirteen stu-
dents falled to meet criterion on the abstraction test.

2, '"The mean verbal I.Q. score, nonverbal I.Q. score, ang
chronological age for the students - achleving each level
gradually increased from level one to level four."

3. A product - moment correlation of .54 (p < .01l) was ob-

tained for performance level and nonverbal I.Q. ‘
\

4, A significant F-value (p < .0l) was obtained frbm the
analysis of variance for the regression of v Fbal f.Q. on
performance level. The F-value for the de artuf&fof the
mean verbal I.Q. score from a stralght line %as not signi-
ficant. The F-value for the mean verbal I1,Q. scores of
the levels differed significantly (p < .05) among them-
selves,
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5. The analysis of varlance for the regression of nonverbal
I.Q.' on performance level ylelded the following results.
The linear correlatiou between nonverbal intelligence and
performance was significant at the .0l level. The departure
of the mean nonverbal 1I.Q. score for each level from a
straight line was not significant. The mean nonverbal I.Q.
scores of the levels did not differ significantly among
themselves. '

6. The nonparametric rank correlation coefficlents between le-
vels of performance and reading vocabulary and comprehension
were both significant (p < .00l); beiween performance and
language mechanics, expression and spelling were all signi-
ficant (p < .0l); between performance and arithmetic compu—
tation, concepts and applications were all significant
(p < .01). The correlation between chronological age and
performance was -,0l.

5. Interpretations

l. The findings stated in 1 and 2 above wyere 1dentified as
support for the two basic hypotheses.

2. Based on the findings cited in 6 above, the hypothesis pre-
dicting positive correlation between performance and chrono-
loglical age was rejected. It was also suggested that the
understanding and utilization of language was directly re-
lated to performance. Furthermore, 1t was suggested that
the understanding of arithmetic concepts and skill acqui-
sition was directly related to the ability to understand the
structured basls of a vector space.

3. It was noted that students were highly motivated to mani-
-pulate the structural embodiment. ‘

Abstractor's Notes

The authors have produced a8 study which again provides suppor-
ting evidence that some children can learn underlying mathematical
structures. This and other studies relating to this issue serve the
dual purposes of furthering information about the cognitive develop-
ment o©f children and in providing information pertaining to what
mathematics can be taught with some degree of success in the elemen-
tary school.

There are limitations, some noted by the authors, and concerns
related to the study.

1. What was the basls of selection for the subjects, i.e., what
criterla were established for acceptance or rejection of
subjects? Since the sample was small the selectilon process
1s very critical.
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2. HRypothesis 1 states,. in essence, that sixth grade students
can successfully learn whether or not a given structure con-
stitutes a finite vector space. If by "sixth grade stu-
dents", the authors are claiming existence then their evi-
dence supports the hypothesis. If, however, the hypothesis
refers to most sixth grade students, then they have. not
found evidence to support the hypothesis in question.

3. What was the absentee rate during the instructional program?
What feedback and reinforcement, if any, did the students
receive?

4. The authors speak of levels of mathematical thought but it
is not clear whether they are referring to the learning of
the four parallel aspects of the vector space or whether
level refers to some hierarchal arrangement ala” Bloom or
some other hierarchal arrangement.

5. The delineation of the transfer and abstraction tests leaves
doubt as to the dichotomy of these two tests and whether
they do in fact measure different aspects of mathematical
thought. Also the criterion for successful performance was
not clearly explicated by the authors.

6. Finally, one can not determine whether students were moti-
vated because of the mathematical experience or because of
the opportunity to participate in an experiment.

Apart from these issues, the authors have an interesting study.

Replications are needed to further support and substantiate their
findings.

Thomas J. Cooney
University of Georgia
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THE EFFECT OF CLASS SIZE ON THE LEARNING OF MATHEMATICS: A PARA-
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13p; Paper presented at the meeting of the American Educational
Research Association, April 1972. -
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Descriptors——*Class Size, *Elementary School Mathematics., Grade
4, *Individualized Instruction, *Research
Expanded Abstract and Analysis Prepared &Especially for I.M.E. by
M. Vere DeVault, The University of Wisconsin, Madison.

1. Purpose

The major purpose of the study was to determine if small class
sizes other than the tutorial setting could result in increased
learning.

2. Rationale

Previous research on the relationship between class size and
student achievement has provided overwhelming evidence for the con-
clusion that the pnumber of students within a given class has little
influence on learning. The authors consider two major 1limitations
of previous studies. The first is the time existing between in-
struction and testing. The second is the minimal variability among
class sizes under study. The authors set out to minimize these
deficiencies by testing immediately following instruction of class
sizes of 1, 2, 5 and 23 Ss.

3. Research Design and Procedure

The Ss were 249 4th grade students drawn from three elementary
public schools. Eighty-three Ss from each school were randomly
assigned to four treatment groups identified as 1-1, 1-2, 1-5, and-
1-23., Within each school Group l-1 consisted of 20 instructional
trials in which one teacher instructed one §, Group 1-2 consisted
of 10 instructional trials in which one teacher instructed two Ss
simultaneously. Group 1-5 consisted of & trials with one teacher
instructing five Ss and Group 1-23 consisted of one instructional
trial in which one teacher taught 23 Ss in a classroom setting.

Teachers for the study were 17 undergraduate junior and senior
level elementary education majors who volunteered to participate.
Because of the schedules of volunteers, teachers were not randomly
assigned to schools. Teachers were randomly assigned, however,
within each school. All teachers were assigned to at least two
Group 1-1 instructional trial, to at least one Group 1-2 trial, and
no teacher was assigned more than one Group 1-5 trials nor to both a
Group 1-5 and a Group 1-23 trial. Within those limitations and
within space limitations teacher:c were in other instances randomly
assigned. One week prior to the beginning of the experiment each
teacher was given a list of 10 specific instructional objectives
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accompanied by examples and brief mathemafical discussions of each.
No instructional methods nor techniques were suggested,

All 4th grade students were pretested one day prior to instruc-
tion. To insure that &§s were unfamiliar with the experimental con-
tant, only Ss attaining a score of five or less on the 20-item pre-
test were selected. Less than 1% of the population was thus elimin-
ated.

For instruction the ©Ss were taken from their regular classroom
and placed in the charge of their assigned teacher. Each S was then
instructed for exactly 30 minutes. Immediately following instruc-
tion a)l Ss were retested by an experimenter in ancther area but
outside their regular classroom.

Instructional content was directed toward 10 objectives. Each
objective was measured by two items on the 20-item post-test.
Illustrative objective:

Rename the product of two different factors with similar
exponents as the product of the factors with the common
exponent .

Example: 62 x 72 = 422

The two items ysed to measure the objective:

1) 6! x 51 =
2y 25x 3% =

Split-half reliability for the 20-item test using the Spearman-
Brown formula was 0,89. The posttest correlated 0.55 with PMA IQ
scores.

4, Findings

The results indicate that class sizes studied strongly affected
over-all achievement of the 10 mathematical objectives, Differences
among schools were significant at the .0l level and those betuween
class sizes were significant at the .00l level. The means and stan-
dard deviations for the posttest scores are reported here.

Group Size School #1 School #2 School #3  Total
1 X 10,25 12.30 12.20 11.58
S.D. 5.84 4,60 4,47 5.01

2 X 9,65 10.40 9.95 10.00
S.D. 4,37 3.86 3.50 3.75

5 X 8.10 7.35 11.85 9,10
S.D. 4.06 4.84 4.19 4.56

23 X 5.26 8.83 9,22 7.75
S.D. 3.70 4,19 3.69 4,21
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5. Interpretations

Given the limitations of the present study, the finding that
learning varies with individualization of instruction has both prac-
tical and theoretical significance. An empirical rationale is sup-
plied for gsmall group remedial instruction in those cases 1in which
additional personnel are available t¢ supplement the instruction of
the classroom teacher. The data clearly indicate that for those
subjects small group instruction was incremental when compared to
large group instruction and that large group instruction is much
more efficient in terms of total learning produced. 1t is tempting
to suggest that personnel such as teacher aides might be effica-
ciously employed to instruct small groups of academically needy
students.

Abstractor's Notes

There has long been a need for studies which were designed in a
manner t¢ facilitate our analysis of the problems relating to class
size. Research to date has failed to provide evidence that classes
of 25 learn more than those of 35. The present study takes the case
to extremes and identifies that for these subjects there can be
little doubt but that differential learning did occur. With repli-
cations of the present study, implications move in two directions.
On the one hand, the results speak to the increasing interest in
providing for individualization of instruction in classrooms. What
roles do staff play in individualized contexts? On the other hand,
the present study leaves much uncovered ground between its design
and that of studies we have come to expect on this topic. Hope-
fully, researchers will seek answers to many questions which lie
between.

M. Vere DeVault
The University of Wisconsin
Madison
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LOGICAIL THINKING IN ADOLESCENTS. 0'Brien, Thomas C., Educational

Studies in Mathematics, v4 n4, pp. 401-428, Dec. 1972.
Descriptors-~*Deductive Methods, %Logic, *Mathematical Logic,
.*Research, *Secondary School Mathematics, Learning, Mathematics
Education.

Expanded Abstract and Analysis Prepared Especially for I.M.E. by F.
Joe Crosswhite, The Ohio State University.

1. Purpose

The purpose of this research was to examine high school stu-
dent's performance in dealing with the logical operation of impli-
cation as measured by items of the following forms:

1. MODUS PONENS ' 2. CONTRAPOSITIVE

If the car is shiny, it
is fast.

The car is shiny.

Is the car fast?

If the car is shiny, it
is fast,

The car is not fast.

Is the car shiny?

(a) Yes (a) Yes

(b) Mo (b) No

(c) Not enough clues. {(c) Not enough clues.
3. INVERSE : 4, CONVERSE

If the car is shiny, it If the car is shiny, it

is fast.
The car is not shiny.
Is the car fast?
(a) Yes
(b) No
{(c) Not enough clues.

is fast.
The car is fast.
Is the car shiny?
(a) Yes
(b) Mo

{(¢) Not enough clues.

2. Ratiomnale

Previous research, by the author and others, has revealed that
children as vyoung as age 6 seem to have 1little difficulty with in-
ference patterns 1 and 2. However, subjects of high school and even
college age answer items of forms 3 and 4 in a consistent and erron-
eous vay answering "No" and "Yes" respectively rather than correctly
responding '"Not emough clues'”. The author has termed this behavior
"child's Logic" iIn contrast to "Math Logic" characterized by correct
responses to items of forms 3 and 4.

The rationale for the present study was that it could provide
substantiation of the use of '"Child's Logic" in yet another popu-
lation. The study also extends previpus reésearch in that it pro-
vides a context for the gystematic examination of performance om all
four inference patterns and the effects of mode (one of four modes,

depending on whether the first sentence of an item was P-+Q, or
P+Q, P>Q, or F+Q).
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3. Research Design and Procedure

To assess generalizability of performance across context, four
tests consisting respectively of items which were causal (Test I),
class inclusion (Test II), nonsense (Test 1II), or random (Test IV)
in context were ysed. Three basic sentences were cast in four modes
for each of the four inference patterns yielding 48 items for each
test. All items were presented in cartoon format.

The study population consisted of a random half of the students
in a private (parochial) girl's high school. Half of each grade
level was randomly divided and each resulting group took one of the
tests} Tests II and IV being used in grades 9 and 11 and Tests I and
I11 in grades 10 and 12. The totzl number of subjects involved was
156. )

Data analysis consisted of eyeball comparison of the per cent of
corvect responses for grade, form, mode, form x grade, mode x grade,
context X grade, form x mode, form x context, mode x context, form x
mode x context, form X mode x grade, form X context x grade, context
x nmode x grade, and form x mode x context x grade. Data were pooled
across grade, form, mode, or context as convenient for these com—
parisons. No statistical tests were employed and no reliability
estimates were given for the fests used. :

4. Findings

The number of potential comparisons imbedded in the graphical
displays of data which occupy the major portion (pp. 406-424) of
space devoted to this research report exceeds the number of subjects
involved in the study. While the author does not discuss all these
comparisons, only the grossest sort of summary of findings can be
reported in this brief abstract.

The consistent use of "Child's Logic” 1in dealing with open
(INVERSE and CONVERSE) items was reaffirmed in this population.
Unexpectedly, the use of ''Math Logic" on inverse items was double
that on converse items. Modus Ponens was, as expected, an easy in-
ference Fattern for these subjects with . the contrapositive form
consistently more difficult” (a spread of 32 per cent points in the
overall data). No dramatic gains in subject performunce over grade
were observed. Context effects were noted throughout the data but
were not. consistent accross forms. Mixed effects were also noted
in the mode data.
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5. Interpretations ' \

The previously reported ''Child's Logic' would suggest that sub-
jects interpret P+Q as (P-Q) V (P+-Q) instead of (P-Q V F-Q)
V (P-Q). This earlier interpretaticn does not adequately explain
the data obtained in this study wherein a widespread inability to
recognize the wvalidity of contrapositive inference and a converse-
inverse imbalance were observed. The author conjectures the exis-
tence of a different "Child's Logic", a semi- "Child's Logic", in
vwhich P+ Q is interpreted as "P yields Q and Q yields P and nothing
else”. He indicates that the existence of two ''Child's Logics"”
explains more adequately the subjects' performance on both open and
clogsed implication items than has been the case in his earlier re-
gsearch.

Abstractor’'s Notes

The overall conceptualization of this study is to be commended.
The tests employed seem to have been well-designed to yield inter-
pretable data relative to an interesting and important question. It
is unfortunate that limitations in the research design and, particu-
larly, in the way the data were handled might obscure important re-
sults even for the non-casual reader.

éjthough no statistical tests of significance were employed, the
uage used in drawing comparisons is suggestive. Moreover, it is

suggestive of longitudinal comparisoris although the study is clearly
cross~sectional. For example, in drawing grade-level comparisons
the . following descriptors are employed for the differences indi-
cated: little gain (4.91), very small gain (2.81), relatively con-~
stant (2.28), dropped slightly (1.82), small rise (0.68), rose
sharply (10.65). At another point, in comparing scores for the
total population, the author uses "slightly exceeded” for a differ-
ence of 0.48 and "virtually no difference” for a difference of 0.88.
When one considers that these comparisons involve a wide variety of
data pooling under a design in which each subject took a single
test, the comparisons become even more difficult to interpret. The
conversion from item scores to percentage scores magnifies the diff-
erences observed but hardly clarifies them.

One would hope this research could be replicated under a design
that permitted a more classical analysis of the data.

F. Joe Crosswhite
The Chio State University
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AN INVESTIGATION 1IN THE LEARNING OF RELATIONAL PROPERTIES BY KIN-
DERGARTEN CHILDREN. Steffe, Leslie P., and Carey, Russell L., Pub.
Date, 1972, Note-=31lp.; Paper presented at the Annual Meeting of
the American Educational Research Association, Chicago, Illinois,
1972, :
EDRS Price MF-$0.653 HC-$3.29
Descriptors -- *Concept Formation, *Conservation (Concept),
*Elementary School Mathematics, #*Instruction, Kindergarten
Children, Learning, Logic, Relationship, *Research

Expanded Abstract and Analysis Prepared Especially for I.M.E. by
Elizabeth H. Fennema, The University of Wisconsin, Madison

1. DPurpose

The major purposes of this study were to investigate (1) im-
provement in ' the usage of properties of equivalence and order re-
lations by five-year-old children under specified instructional
conditions and (2) to explore the interrelationship of time of
acquisition of equivalence and order relations when represented by
matching (one-one corregpondence) or length.

2. Rationale

Although intervention training has been shown not to be effec-
tive in hastening the development of logical thinking capabilities,
previous studies have dealt mainly with the idea of conservation.
This study investigated the possibility of increasing the ability
to use relational 1deas, which are built on the idea of conser-
vation, by specific instructional intervention. Piagetian oriented
researchers have found that acquisition of length follows acquisi-
tion of conservation by matching. This study explored the question
of an analagous time lag in the development of usage of the rela-
tional properties of equivalence and order when represented by
discrete objects (matching) or by length.

3. Research Design

48 kindergarten children, divided into groups of 6, were given
a pre-treatment composed of 14 instructional sessions which were
designed to define operationally by length and matching, the pro-
perties of equivalence (as many as, as long as) and order (more
than, fewer than; longer than, shorter than). Three dimensional
items plus verbal comments by the instructor were used exclusively
in teaching. Following the pre-treatment, an individual pretest
consisting of subtests which measured conservation, equivalance
and order was given and on the basis of performance on this test
subjects were assigned by matched pairs to one of two treatments.
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In the Classification Treatment objects or lengths were consi-
dered as representative of another set of objects or lengths and in
the Standard Treatment no attempt was made to consider objects or
lengths as representative. In both treatments programmed question-
ing and discussion techniques were utilized which involved children
in work both with sets of objects and linear objects. Both treat-
ments were composed of 12 instructional sessions. Following the
experimental treatments, subjects were again tested individually on
a posttest consisting of the same items as the pretest plus addi-
tional items measuring transitivity and the asymmetric property.
Criteria were established and subjects were rated on a 0,1 basis
indicating that they either did or did not perform at ecriterion
level on the subtests of both pre and posttests. '"0", "+", or "-"
were assigned indicating change (or its lack) in score from pre to
posttest. Matched pairs on the two .treatments were assigned an
ordered pair indicating each individual's rating on & 0,1 basis.
The sign .test was used to test the relative effectiveness of the
two treatments and the McNemar test for significance of change was
used to test the significance of the gains for the entire group
from pre to posttest. Contingency tables were used to analyze the
order of development of the wvarious properties exemplified by
length or matching.

4, Results

There was no evidence found on either the pre- or post-test
that supported the belief that (1) ability to conserve matching re-
lations precedes ability to conserve length relations: or (2) know-
ledge of order represented by matching relations precedes knowledge
of order represented by length. There was some evidence to support
the idea that ability to use the asymmetric property represented by
sets. There were no significant differences evidenced between
treatments., When the results from the two treatments were com-
bined, a significant change in usage of transitivity, comservation
of length and matching relations were found. It was concluded also
that if a child could conserve relations on the pretest it would
seem that he could learn transitivity more easily than those chil-
dren who could not conserve on the pretest. The authors also con-
clude that once improvement was shown in the usage of the proper-
ties studied that "under c¢ontrolled instructional conditions, the
logical thinking of children as it pertains to properties of
matching and length relations can be improved long before second
grade,"

Abstractor's Notes

Severzal questions were not answered in the report.
A. Is it necessary to write research reports in a form such as

this one was written? It is aecurate reporting but the audience is
limited by the terminology and structure of the language,
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B. The formal hypotheses (p. 4) do not - reflect the specific
purposes (p. 1) of the study.

C. Who served as instructor(s) in both the pre- and experi-
mental treatments? The teacher variable is perhaps one of the most
important ones in an experimental ‘tudy of this type and yet how it
was controlled is not mentioned.

D. Is the statistical treatment adequate? In only one in-
stance 1s inferential statistics used. The size of the N would
permit more sophisticated analysis to be done.

E. Whar are some of the data? Tables are not labelled well
(i.e. Matching by Length Relacicns could mean at least two things.
Matching X Length would be better.) It is extremely difficule if
not impossible to match the written discussion with the data pre~
sented in tables. .

F. Data on retention of the usage of order and equivalence
properties would have been helpful. The major conclusion of the
study concerning improvement of logical thinking of young children
might not have been valid 1f such retention data had been obtained
after an appropriate interval of time. Other studies have shown
that maintenance of change 1in logical thinking patterns is much
more difficult than effecting the change originally.

G. What are the implications of this research for the develop-

ment of early education mathematics curricula?

Elizabeth Fennema
University of Wisconsin -
Madison

50



ED 064 147 24 SE 014 126
A STUDY OF NUMBER CONSERVATION WITH TASKS WHICH VARY IN LENGTH, AREA
AND VOLUME, FiINAL REPORT. Taranto, Maria and Mermelstein, Egon,
Hofstra Univ., MHempstead, N.Y., iational Center for Educational
Research and Development (DHEW/OE), Washineton, p.C., Pub, Late Jun
1972, Jdote—>56p.
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Descriptors--Cognitive Development, *Conservation (Concept),
Elementary School Mathematics, *Learning, Mathematical Concepts,
#Mathematics Education, Number Concepts, Preschool Learning,
*Research
Identifiers--*Piaget (Jean)

Expanded Abstract and Analysis Prepared Especlally for I.M.E. by
Leslie P. Steffe, University of Georgila

1. Purpose

Taranto and Mermelstein tested the three hypotheses that (1) the
order of development of ability to pass number conservation tasks,
which differ on the dimensions of length, area, and volume, will
parallel the order of development of conservation of length, ared,
and volume; (2) where the elements of the pumber conservation task
form continuous collections within each dimension (length, area,
volume) vs., where the elements of the task form discontinuous
collections within each dimension, number conservation will be mas~
tered by a child on the task 1involving discontinuous collections
prior to mastery of number conservation on the task involving con-
tinuous collections; and (3) given a number conservation task that
involves transfroming discontinuous quantity to continuous quantity,
the child must be facile not only with pumber conservation but also.
conservation of amount.

2. Rationale

Utilizing cross—-sectional data, it has been found that nuaber
conservation emerges after approximately 5 years of age, length and
area conservation emerges after approximately 7 years of age, and
volume conservation emerges after approximately 12 years of age.
Taranto and Mermelstein suggest that the stated order of development
of the above consevvations may not be identical to the order of con-
servation within an individual. They suggest that, within an !'ndi-
vidual, an crder of development between length conservation and area
conservation may be found because the definition of area ''Lncludes"”
length., Number conservation tasks, 1f cast in terms of length,
area, and volume, may follow an order of difficulty corresponding to
the sequence of development of length conservaticen, area conser-
vation, and volume consexrvation. Moreover, because conservation of
discontinuous quantity precedes conservation of continuous quantity
in development, some further clues as to the nature 9f conservation
of number may be obtained by casting number conservation tasks
across the two dimensions of transforming discontinuous quantity
into discontinuous quantity and transforming discontinuous quantity
into continuous quantity.
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3. Research Design and Procedure

A pool of 80 children, 40 female, and 40 male, ranging in age
from 4 years to 7 years of age were used as Subjects. Forty chil-
dren, 10 four-yearsolds, 10 fivesyear.olds, 10 six-year-olds, and 10
seven.year~-olds, were administered eight number conservation tasks
(Set I) and 40 different children partitioned analogously by age,
were administered eight different® number conservation ctasks (Set
II). Three children of each 40 were dropped from the analysis.

The crucial difference in the two sets of tasks was that in
Set I the difference between the two collections in each task was
based on size, whereas in Set II, the difference was based on shape.
The trasks are described in part in Table 1. In Set I, the size
differential was in the ratio 2:1 whereas in Set II, the objects
were of the same siza.

Table 1 ot
Number Conservation Tasks

Classic Sticks Sticks Trees on

Task!: A Apart: B Together: C Field: D

chips: 7 long; 7 long; 9 tall;
Set I 8 bluey 7 shortt 7 short 9 short

8 red ]

chipst two sets two sets two sets
Set IT 8 bluey of of ‘ of

8 red 7/set 7/set 9/set

Tile Snowk 211 in Block Water ¢lass

Floors: E Jars Task: F [ House: G ] Task: H
Seét I 9 large: 9 large; 8 large: 7 large:

9 small 9 small 8 small 7 gmall
Set II two sets two sets two sets two sets

of of of of

9/set 9/set 8/set 7/set

The classic number conservation task (A) was the same for each set
of tasks. 1In each task, an optical one=to-one correspondence was
established between the two collections of objects. 1In Task A, the
chips in one of the rows was then extended beyond the length of the
chips in the remaining row; in Task B, discontinuous tvows of sticks
were made; 4in Task D, the trees were placed on different "fields":
in Task E, tile "floors" were made; in Task F, the snowballs were
placed into jars; in Task G, block houses were made} in Task H, the
glasses of water were poured into containers. In Set I, the set of
larger objects always occupied a larger space than the set of
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smaller objects in their final states and in Set II, a perceptually
conflictive situation was formed by the sets of objects in their
final state., A c¢linical method of interviewing was used where the
child and the experimenter were actively involved in manipulation of
materials. A second trial was given in some cases for clarifica-
tion., It involved an exchange of material by the experimenter apd
child, but was identical in all other respects to the .initial trial.

A child was placed into three stages with regard to each task!
Stage 3 1if he asserted conservation of number (on both trials when
two were given) and argued by reversibility, compensation, or iden-
tity; Stage 1 if he asserted nonconservation of number (on at least
one trial when two were given); and Stage 2 if om either trial 1 or
trial 2 he vacillated between nonconservation and conservation  of
number. Two tasks were administered per sitting, with tasks ran-
domized for each child. ’

The general hypothesis for the experiment was that T, 2T 2
Te 2 T4 2 Tg 2 Tg > T, > Ty; where T; represents the response score
on task i. For any cﬁild, if it was not the case that rj < r, for
i < j, then the hypothesis would be confirmed for that child. On
the basis of random responses, the probability of the hypothesis
being confirmed is 1less than .007. Also, a scalogram analysis was
done to determine the scalability of the items.

4. Findings

(1) For all eight tasks of Set I, 13 children manifested con-
firmation of the general hypothesis and 24 did-not., Of the 13
confirming instances, 10 were unitary patterns (all 1's, 2's or
3's). In Set II, 16 children mnanifested confirmation of the
hypothesis while 21 did not. Of the 16 confirming instances,
.13 were unitary patterns. :

(2) For the discrete tasks of Set I (B, D, and F), 21 children
manifested confirmation of & modified general hypothesis and 16
did not. Of the 21 confirming instances, 18 were unitary pat-
terns. For the continuous tasks of Set I (C, E, and G), .24
children manifested confirmation of a modified general hypo-
thesis and 13 did not. Nineteen of the 24 confirming 4instances
were unitary in nature. The patterns were similar for Set II.

(3) For the length tasks (B or C), area tasks (D or E), and
volume tasks (F or G) of Set I, 28 children manifested confir-
mation of a modified general hypothesis of which 25 were unitary
in nature. Nine children did not manifest confirmation of the
hypothesis. A gcore-on the two tasks for each dimension was the
greater of the two scores. .The pattern was similar for Set II.
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(4) For the discrete and continuous dimension for each of the
two length, area, and volume tasks for Set I, 28 children mani-~
fested confirmation of a modified general hypothesis while nine
did not. Of the 28, 22 were unitary in nature, The pattern for
Set II was similar.

(5, Using OGreen's scalogram analysis, no unique ranking of
difficulty was found for the items.

3. Interpretations

Taranto and Mermelstein included the following points in their
discussion of the study.

(1) What seems clear from the data . . . is that within any in-
dividual . . ., the strict hierarchy interpretation [of the
tasks]! is confirmed in few instances . . . .

(2) Support for the developmental nature of number conservation
is evident. Few nursery school and kindergarten children
conserve on all eight tasks while . . . almost ail second
graders conserve on all the tasks.

(3) Presenting conservation tasks to children in any prescribed
logical order, with the belief that they will assimilate
them in that order, seems questionable as a means of train-
ing or teaching.

(4) Relative to number conservation tasks involving length,
area and volume, both the constructed probability distri-
bution analysis and the scalogram analysis suggest that the
order of acquisition of these tasks is individual.

Abstractor's Notes

Taranto and Mermelstein base their basic hypothesis of the study
on the horizontal differentials observed in conservation experi-
ments--conservation of volume occurs as a formal operational
Phenomena--and on the faet that length is "ineluded" in the defini-
tion of area. Piaget, Inhelder, and Szeminska, in the The Child's
Eonception of Geometry, make a sharp distinction between volume as
Occupied space' and "interior veolume.” Conservation of volume as

interior volume" occurs at the concrete operational stage but not
conservation of volume as 'occupled space.” In their basic hypo-
EhESiS. then, Taranto and Mermelstein had to be viewing volume as
occupied space.” The way thelr tasks were constructed harked back
to the second chapter of Piaget's The Child's Conception of Number
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where he used containers of different shapes to study conservation
of discrete quantity, thus extending his conservation of water ex-
periments of the first chapter of that book. Taranto and Mermel-
stein's findings are consistent with the data presented in Chapter
IT of The Child's Conception of Number and are consistent with the
development of conservation of ' 'interior' and 'occupied' volume"
due to the way their tasks were constructed. I hypothesize that if
they cast their "conservation of number" tasks in terms of "occupied
volume,”" they would observe a horizontal differential in “conserva-
tion of number."

Leslie P. Steffe
University of Georgia
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Expanded Abstract and Analysis Prepared Especially for I.M.E. by
Doyal Nelson, University of Alberta, Edmonton

1. Purpose

To determine whether teaching the kindergarten child to use
"units of measure” in connection with continuous quantities would
provide a transfer base for successive new concepts not presently
being provided by the emphasis on counting.

2. Rationale

The authors are interested in finding support for a teaching
tactic different from counting for introducing mathematics to young
children., They claim that in a program where a child has to count
things the child is distracted from the mathematical aspects of the
objects to be counted by the nature of the objects themselves. The
reason, they claim, is that a child's early experiences are largely
qualitative and that the attention he gives to the discrete objects
as he counts only encourages him to confuse nominal aspects of the
process. with the qualitative aspects of the objects. The authors
state that a general grasp of 'correlational relations of numbers
with continuous variables" i8 what the child needs as a basis for
attaining an orderly body of knowledge. .They mean, one would pre-
sume, that the child should be taught to measure as a basic pro-
cess.

They argue that by measuring continuous variables on a ratio
scale the teacher 'and learner have before them all the “subject
matter”" there is to learn. '

Tﬁey call on evideﬁce from Gal'perin and Georgiev to support
thgir contention that muych mislearning takeslplace when the child
is required first. to count, then to add, then to suybtract and so
on. - '

The authors in emphasizing the early yse of measuring claim to

have attempted to make yse of the transfer facilitators listed by
Ellis. ' :
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1. Practice should be exceptionally thorough in the early
stages of skill and concept developments.

2. A variety of examples are important to the comprehension of
concepts and principles.

3. General principles must pe understood before significant
transfer takes place.

4., Mediation due to a networkx of associative linkages between
tasks will lead to transfer but the necessary preconditions in-

" clude development of a relevant language (in this case mathe-
matical).

They claim to have attempted to devise an oréanized sequence of

measuring activities which more or less meet the requirements of
maximum general transfer in the child.

3. Research Design and Procedure

To treat their hypotheses of the affectiveness of teaching
measurement they first selected twelve of the lowest achieving
children in a middle-class kindergarten (average age about 5-1/2
years).

They used a pretest-posttest-control group design. The twelve
children were given a mathematics ability test (a 61 item test de-
vised by the authors) and a comservation ability test (the 24 item
test devised by Goldschmidt and Bentler) at the beginning of the
experiment. Then the children were ranked and matched in pairs
according to their mathematics ability scores. The matched pairs
were randomly assigned to control and treatment groups.

The experimental group was then given a 17 day instructional
program in "measurement'" while the control group presumably re-
ceived regular instruction in mathematics during that period. Tive
days after the instruc+ion, both groups were given the mathematics
ability and the conservation tests used in the pre-test.

Although there is no mention of the kind of instruction the
control group was receiving, there is a clear description of the
“measurement" program provided for the treatment group.

"Unit of measure"” was developed by having the child involved in
measuring such objects as a table with various objects such as a
book. The idea of wusing one object repeatedly to obtain and
measure was first established through a variety of tasks. Then the
child was taught- to use multiple wunits to obtain a measure. All
measures were initially devised to come out "even”.

Once the child had obtained some skill in these basic processes
his measuring was done with prepared dowels. For example, if he
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measured a table with a book he would be requirpd to find a dowel
as long as the book and make the measurement again.

+  The child was then moved to a rather complicated electro-
mechanical device on which he could do various neasuring tasks.

Essentially the device was composed of a tray on which an object to
be measured could be laid and dowels placed over it so that a count
could be made of the dowels. There was also a moving slide attach-
ed which could be moved to the extremity of the object to be meas-
ured. Various counters and dials for adding and subtracting meas-
ures were incorporated into the device. The instructional program
involved a variety of activities on the electro-mechanical device
and provided for a variety of practice. The children were taught
individually and the average time spent with each was about 4

hours. ’

4, Findings

The means of the mathematics and conservation test scores are
shown in the following table.

"feans of Mathematics Ability and Conservation Ability
Pre—and Post Test Scores

Pretest L Post-test
Group Mathematics Conservation | Mathematics Conservation
Treatment |32.67 3.17 37.66 6.50
Comparison|33.33 7.83 . 36.50 6.17

The authors claim to have used a technique which . would attribute
.46 of the total variance to result from treatment effects (2 rel-
atively high value, they say) and .37 of the total variance in the
conserVation test to be a result of the treatments.

'The authors claim that their study supports that learning hier-
archies studied in the laboratory correspond in significant detail -
to the more complexly associated behaviors in real life. They see
cause for including much more measurement in early mathematics
learning. . : o

Abstractor's Notes

It would appear that the authors are assuming a significant in-
crease in the mathematics ability and the conservation ability of
the six kindergarten children as a result of "measurement” treat-
ment. A dlfference in growth of two ' or three points on a gl-item
mathematics ability test is not strong evidence on which to base
such an assumption, One suspects that the errors in the test alone
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might very easily be great enough te account for any apparent diff-
erences in mathematics ability between the two groups.

he increase in consevvation scores in the treatment group
could be a result of their being better able to conserve length as
a cesult of treatment experiences in "measuring” lengths and com-
parios; them. It would have been interesting to see on what irems
of the Goldschmidt-Rentler test these children showed improvement,
Anvone who works withh kindergarten children knews that they don't
normally conserve leacth that early, but that experience of the
kind provided in this study can have a profound influence on abil-
ity to conserve length.

I was disappointed that there was mno inkling in the report
about what happened to the contrel group in the 17 day period.

Even though the hypothesis tested here gets only meagre statis-
tical support there are some strengths in the study.

Both the sequence and timing of the 'measurement’’ activities
the authors have devised are useful information to mathematics
educators. They have constructed an intriguing and valuable device
around which many such activities can be %Huilt., There is a con-
tinuing need for many studies of this kind to be conducted using
more children with varying instructiomnal schedules.

In the final analysis the child needs a process called counting
to deal with discrete objects and a process called measuring to
deal with eontinuous quantities. Both of them arce important in his
real world. We need effective instructional procedures and se-
quences to teach beth. It is still an open question whether a
great advantage can be pained in kindergarten by an initial empha-
sis on continuous quantities rather than on discrete objects in
learning about number.

Doyal Nelson
University of Alberta
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